Abstract. We are concerned with the uniqueness problem for solutions to the second order ODE of the form x ′′ + f (x, t) = 0, subject to appropriate initial conditions, under the sole assumption that f is non-decreasing with respect to x, for each t fixed. We show that there is non-uniqueness in general; on the other hand, several types of reasonable additional assumptions make the problem uniquely solvable.
Introduction
As is well known from the basic ODE theory, the problem of uniqueness of solutions is intimately related to the continuity properties of the nonlinearities with respect to the unknown variable. Consider the first order equation
The solution is uniquely determined by the initial condition provided f is locally Lipschitz continuous in x. This is the most commonly used sufficient criterion of uniqueness. Simple as it may seem, it cannot be pushed much further. If we assume, more generally, that
then uniqueness is guaranteed provided the modulus of continuity satisfies and this condition is actually optimal. In particular: if f is only α-Hölder continuous, α < 1, then there is non-uniqueness. For example, the problem
is satisfied by x ≡ 0; but the function x = t 3 is another solution. Indeed, one can construct infinity of such solutions, branching at arbitrary points t 0 > 0.
A different line of thought aims at employing the monotonicity properties of f . In particular, we have Theorem 1. Assume that f (x, t) is non-decreasing 1 in x for any t fixed. Then the solutions to (1.1) are forward unique, meaning that if two solutions x, y coincide at some t 0 , then x ≡ y for all t t 0 .
P r o o f. Subtract the equations for x, y and multiply by 2(x − y), yielding
The conclusion follows immediately.
Let us remark that the theorem requires no other properties (continuity or integrability) of f . The fact that we only deduce forward uniqueness makes no harm, and is actually in agreement with physical applications. In fact, we cannot expect backward uniqueness by the example (1.2) above. Equivalently, there is certainly non-uniqueness should one require that f is non-increasing in x.
It is of some interest to ask whether a conclusion analogous to Theorem 1 holds also for the second order equation
More precisely, we ask whether forward uniqueness is guaranteed for (1.3) provided f is non-decreasing in x, for any t fixed. This is the main issue to be addressed in the present paper. We will see that the answer is in the negative for the general nonautonomous problem. The affirmative answer can be given either for the autonomous problem, or if f satisfies additional structural assumptions. The paper is organized as follows. In Section 2, we discuss the physical motivation to our problem. Section 3 is devoted to the case when (1.3) is linear. Section 4 studies the autonomous problem. Finally, Section 5 is devoted to the general case.
